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ABSTRACT

The Cadzow rank-reduction method can be effectively utilized in simultaneously
denoising and reconstructing 5D seismic data that depends on four spatial di-
mensions. The classic version of Cadzow rank-reduction method arranges the
4D spatial data into a level-four block Hankel/Toeplitz matrix and then applies
truncated singular value decomposition (TSVD) for rank-reduction. When the
observed data is extremely noisy, which is often the feature of real seismic data,
traditional TSVD cannot be adequate for attenuating the noise and reconstruct-
ing the signals. The reconstructed data tends to contain a significant amount of
residual noise using the traditional TSVD method, which can be explained by
the fact that the reconstructed data space is a mixture of both signal subspace
and noise subspace. In order to better decompose the block Hankel matrix into
signal and noise components, we introduced a damping operator into the tradi-
tional TSVD formula, which we call the damped rank-reduction method. The
damped rank-reduction method can obtain a perfect reconstruction performance
even when the observed data has extremely low signal-to-noise ratio (SNR). The
feasibility of the improved 5D seismic data reconstruction method was validated
via both 5D synthetic and field data examples. We presented comprehensive
analysis of the data examples and obtained valuable experience and guidelines
in better utilizing the proposed method in practice. Since the proposed method
is convenient to implement and can achieve immediate improvement, we suggest
its wide application in the industry.

INTRODUCTION

Field obstacles and economic costs in seismic acquisition often result in irregular
and incomplete seismic field data (Chiu, 2014). Seismic interpolation is such a pro-
cessing step to provide the regularly sampled seismic data for the following work-
flows like high-resolution processing, wave-equation migration, multiple suppression,
amplitude-versus-offset (AVO) or amplitude-versus-azimuth (AVAZ) analysis, and
time-lapse studies, thus plays a fundamental role in seismic data processing (Por-
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sani, 1999; Abma and Kabir, 2005, 2006; Wang et al., 2010a; Li et al., 2012; Chen
et al., 2015; Gan et al., 2016, 2015c).

During the past several decades of continuous research from both academia and
industry, there have been many effective methods for seismic data interpolation. In
prediction based approaches, a prediction error filter is designed such that the pre-
dicted data and the existing data has the minimum misfit by solving a least-squares
linear inverse problem (Spitz, 1991; Fomel, 2002). Considering that the irregularly
sampled seismic data with large number of missing traces usually suffers from the
aliasing problem, the prediction error filter is obtained by solving the inverse problem
from low-frequency data that is less aliasing and then applied to high-frequency com-
ponents (Naghizadeh and Sacchi, 2007). The sparse transform based interpolation
assumes that the seismic data is sparse in a certain transformed domain. By itera-
tively thresholding the transformed domain of the incomplete seismic data, one can
gradually attenuate the artifacts in the sparse domain that are caused by the missing
traces in the time-space domain, and then gradually recover the missing informa-
tion (Chen et al., 2014a; Gan et al., 2015b,c; Wang et al., 2015b,a). An important
component in this type of methods is the sparse transform. Generally speaking,
sparse transforms can be divided into two categories (Chen et al., 2016): analytical
transforms, which have fixed basis, and learning-based dictionaries, which iteratively
update the basis. A number of fixed basis sparse transforms have been proposed in the
literature for restoring seismic data, which include Fourier transform (Sacchi et al.,
1998; Duijndam et al., 1999; Chen et al., 2014a), Radon transform (Trad et al., 2002;
Yu et al., 2007; Wang et al., 2010b), curvelet transform (Herrmann and Hennenfent,
2008; Shahidi et al., 2013; Liu et al., 2015, 2016) and seislet transform (Fomel and
Liu, 2010; Chen et al., 2014b; Gan et al., 2015c). The learning-based approach usu-
ally utilizes machine learning techniques to construct the dictionary. Another group
of methods is based on wave equation. The wave equation theory inherently connects
the seismic trace recorded at a specific location from a known shot position to all the
other traces assuming the subsurface velocity model is known. Thus, it depends on a
prior information that is usually difficult to obtain and it is also limited by the large
computational cost aroused from solving the wave equation (Ronen, 1987; Canning
and Gardner, 1996; Fomel, 2003).

Recently, rank-reduction based seismic interpolation algorithms become popular
(Trickett and Burroughs, 2009; Oropeza and Sacchi, 2011; Gao et al., 2015b). The
rank-reduction methods for seismic data reconstruction can be divided into two main
categories. The first category applies rank-reduction to multilevel block Hankel/-
Toeplitz matrices formed from the entries of the tensor. In other words, multidi-
mensional seismic data is rearranged into a block Hankel or Toeplitz matrix, and
a rank-reduction algorithm is used to improve the signal-to-noise ratio (SNR) and
to reconstruct the data. Such algorithm is usually named as the Cadzow method
(Trickett and Burroughs, 2009) or multichannel singular spectrum analysis (MSSA)
method (Oropeza and Sacchi, 2011; Huang et al., 2015, 2016). The other category
of rank-reduction methods encompasses techniques that are based on dimensionality
reduction of multi-linear arrays or tensors. In this case, the multichannel seismic
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data is viewed as a multi-linear array, and dimensionality reduction techniques are
directly applied to the multi-linear array (Gao et al., 2015b). Simply speaking, rank-
reduction methods are based on the fact that missing traces and random noise will
increase the rank of a matrix or tensor. By applying a rank-reduction step, such as
truncated singular value decomposition (TSVD), we can intuitively reduce the neg-
ative effects caused by the missing traces and random noise. It is worth noting that
rank-reduction or low-rank matrix recovery is closely related to sparse transform and
compressed sensing (CS) theory because of their utilization of low-dimensional signal
structures (Recht et al., 2010; Candès and Tao, 2010; Plan, 2011). Specifically, Recht
et al. (2010) discussed the bridge between CS and low-rank matrix recovery. Consid-
ering that the multi-dimensional seismic data usually contains significant amount of
random noise. A lof of efforts have been put in the area of simultaneous interpolation
and denoising of seismic data. Oropeza and Sacchi (2011) introduced a POCS-like
iteration into the MSSA algorithm with a variable ”alpha” to weight the addition of
original data with estimated signal. While this method is effective in attenuating noise
while interpolating seismic records, the mathematical relationship between ”alpha”
and the SNR was not properly understood. Following Oropeza and Sacchi (2011),
the weighting strategy was also adopted by Kreimer and Sacchi (2012). Recently the
connection between parameter ”alpha” and a trade-off parameter ”mu” was made
in Gao et al. (2015b). Sternfels et al. (2015) solved the simultaneous interpolation
and denoising problem via convex optimization, where the problem was formulated
as a regularized inverse problem with a sparsity promotion term and solved using the
alternating direction method of multipliers (ADMM) algorithm.

In recent years, 5D seismic interpolation has become popular since it takes all phys-
ical dimensions of seismic data into consideration for the interpolation, which brings
us a stronger constraint when inverting a highly underdetermined inverse problem
and thus helps us obtain a much improved reconstruction performance in the case
of high missing-traces ratio compared with 2D and 3D interpolation (Liu and Sac-
chi, 2004; Kreimer et al., 2013; Chiu, 2014; Gao et al., 2015b). The rank-reduction
based seismic interpolation has been shown to be an effective method for 5D seis-
mic data interpolation (Gao et al., 2015b). Our recent study shows that when the
observed data is extremely noisy, which is often the feature of real seismic data, the
reconstructed data using the rank-reduction based algorithm still contains significant
residual noise. The residual noise is caused from the fact that the rank-reduced signal
space via TSVD is a mixture of signal and noise subspace. We propose an effective
method for improving the traditional Cadzow rank-reduction method by modifying
the TSVD formula. In order to better decompose the noisy data space into signal
and noise subspace, we propose to apply a damping operator to the block Hankel
matrix after TSVD. The damping operator is controlled by adjusting an introduced
parameter called damping factor. In the special case, when the damping factor is
sufficiently large, the improved rank-reduction method reverts the traditional Cad-
zow rank-reduction method. The proposed method is compared with the traditional
method via both synthetic and field 5D seismic dataset and is demonstrated to obtain
much better performance.
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THEORY

Block Hankel matrix formulation for 5D seismic data

Consider a block of 5D data Dtime(t, hx, hy, x, y)(t = 1 · · ·Nt), where hx, hy, x, y
denote x and y offsets and x and y midpoints. The rank-reduction method operates
on the 5D seismic data in the following way: first, rank-reduction method transforms
Dtime(t, hx, hy, x, y) into Dfreq(w, hx, hy, x, y)(w = 1 · · ·Nw) of complex values in the
frequency domain. In the condition that the spatial variables are regularly sampled,
each observation at a given frequency slice can be represented via a 4D spatial hyper-
cube Dk1,k2,k3,k4 with ki = 1 · · ·Xi, i = 1, 2, 3, 4. In order to make our target matrices
close to square matrices, parameters Yi are defined as bXi

2
c + 1, i = 1, 2, 3, 4. Gao

et al. (2015a) outlined the usefulness of square Hankel matrices in rank reduction
based regularization and described why square matrices are preferred. The symbol
b·c denotes the integer part of its argument. The 4D spatial hypercube Dk1,k2,k3,k4

can be embedded in a level-four block Hankel matrix as follows. We have to address
in advance that each frequency slice of data is operated the exactly same way. We
first embed the seismic data in a level-one Hankel matrix using all data components
in the first dimension of the tensor Dk1,k2,k3,k4 at a given frequency w0. This generates
the following Hankel matrices,

M
(1)
k2,k3,k4 =


D1,k2,k3,k4 D2,k2,k3,k4 · · · DX1−Y1+1,k2,k3,k4

D2,k2,k3,k4 D3,k2,k3,k4 · · · DX1−Y1+2,k2,k3,k4
...

...
. . .

...
DY1,k2,k3,k4 DY1+1,k2,k3,k4 · · · DX1,k2,k3,k4

 . (1)

Matrices in Equation 1 are of size Y1×(X1−Y1+1). These matrices are embedded
in a level-two block Hankel matrix:

M
(2)
k3,k4 =


M

(1)
1,k3,k4 M

(1)
2,k3,k4 · · · M

(1)
X2−Y2+1,k3,k4

M
(1)
2,k3,k4 M

(1)
3,k3,k4 · · · M

(1)
X2−Y2+2,k3,k4

...
...

. . .
...

M
(1)
Y2,k3,k4

M
(1)
Y2+1,k3,k4 · · · M

(1)
X2,k3,k4

 . (2)

Matrices in Equation 2 are of size (Y1Y2) × (X1 − Y1 + 1)(X2 − Y2 + 1). These
matrices are now embedded in a level-three block Hankel matrix:

M
(3)
k4 =


M

(2)
1,k4 M

(2)
2,k4 · · · M

(2)
X3−Y3+1,k4

M
(2)
2,k4 M

(2)
3,k4 · · · M

(2)
X3−Y3+2,k4

...
...

. . .
...

M
(2)
Y3,k4

M
(2)
Y3+1,k4 · · · M

(2)
X3,k4

 . (3)

Matrices in Equation 3 are of size (Y1Y2Y3)×(X1−Y1+1)(X2−Y2+1)(X3−Y3+1).
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At last, these matrices are embedded in our final target level-four block Hankel matrix:

M(4) =


M

(3)
1 M

(3)
2 · · · M

(3)
X4−Y4+1

M
(3)
2 M

(3)
3 · · · M

(3)
X4−Y4+2

...
...

. . .
...

M
(3)
Y4

M
(3)
Y4+1 · · · M

(3)
X4

 . (4)

Equation 4 is the target matrix of our problem. The size of level-four block Hankel
matrix M(4) is (Y1Y2Y3Y4)× (X1 − Y1 + 1)(X2 − Y2 + 1)(X3 − Y3 + 1)(X4 − Y4 + 1).
If Xi is an odd integer, the size of M(4) is (Y1Y2Y3Y4)× (Y1Y2Y3Y4).

Rank-reduction method for 5D seismic data restoration

The transformation of the 4D data hypercube at a single frequency into a level-four
block Hankel matrix can be represented in operator notation as follows:

M(4) = HD, (5)

where H denotes the Hankelization operator. To avoid notational clutter, we omit
the argument k1, k2, k3, k4 of Dk1,k2,k3,k4 for convenience. In general, the level-four
block Hankel matrix M(4) can be represented as:

M(4) = S + N, (6)

where S and N denote the level-four block Hankel matrices of signal and random noise,
respectively. Here, missing signal can be regarded as a condition where signal and
noise are summed to zero, and is distributed randomly due to the irregular sampling.
Therefore, missing data represents itself by the noise-like characteristics.

We assume that M(4) and N have full rank. The size of M(4) is I × J, J < I.
rank(M(4))=rank(N) = J , I = Y1Y2Y3Y4, J = (X1− Y1 + 1)(X2− Y2 + 1)(X3− Y3 +
1)(X4 − Y4 + 1), and S has deficient rank, rank(S) = K < J . The singular value
decomposition (SVD) of M(4) can be represented as:

M(4) = [UM(4)

1 UM(4)

2 ]

[
ΣM(4)

1 0

0 ΣM(4)

2

][
(VM(4)

1 )H

(VM(4)

2 )H

]
, (7)

where ΣM(4)

1 (K×K) and ΣM(4)

2 ((I−K)×(J−K)) are diagonal matrices and contain,

respectively, larger singular values and smaller singular values. UM(4)

1 (I ×K), UM(4)

2

(I× (I−K)), VM(4)

1 (J×K) and VM(4)

2 (J× (J−K)) denote the associated matrices
with singular vectors. The symbol [·]H denotes the conjugate transpose of a matrix.
Generally, the signal is more energy-concentrated and correlative than the random
noise. Thus, the larger singular values and their associated singular vectors represent
the signal, while the smaller values and their associated singular vectors represent the
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random noise. We substitute ΣM(4)

2 with 0 to achieve the goal of attenuating random
noise while recovering the missing data during the first iteration in reconstruction
process as follows:

M̃(4) = UM(4)

1 ΣM(4)

1 (VM(4)

1 )H . (8)

Equation 8 is referred to as the TSVD, which is used in the conventional rank-
reduction approach for 5D seismic data interpolation.

Nevertheless, M̃(4) is actually still contaminated with residual random noise. Fol-
lowing Huang et al. (2016), here we briefly clarify the reason why the M̃(4) is still
corrupted with some residual random noise. We first consider the SVD of the signal
component S in a way similar to equation 7:

S = [US
1 US

2 ]

[
ΣS

1 0
0 ΣS

2

] [
(VS

1 )H

(VS
2 )H

]
. (9)

Different from M̃(4), the signal matrix should be of deficient rank, then ΣS
2 is a zero

diagonal matrix, and S can be denoted in a concise form:

S = US
1 ΣS

1 (VS
1 )H . (10)

Combining equations 6, 9, and 10, it straightforwardly derive the following equation:

M̃(4) = S + US
1 (US

1 )HN. (11)

The appendix A gives a detailed derivation for obtaining equation 11, which we call
exact formulation of the block Hankel matrix. From equation 11, we can intuitively
know that TSVD result M̃(4) still contains significant random noise US

1 (US
1 )HN, or in

other words, the traditional TSVD can only decompose the data space into a mixture
of signal and noise subspace.

Damped rank-reduction method for 5D seismic data restora-
tion

Huang et al. (2016) introduced a damping factor into TSVD to effectively attenuate
the residual random noise for 3D dataset. Here, we further extend this damped
algorithm to rank-reduction method for 5D seismic data interpolation in the presence
of random noise. Since the missing data at each frequency slice can be regarded as
the random noise, the derivation is similar to Huang et al. (2016) except for the extra
reconstruction process based on the weighted projection onto convex set (POCS) like
method in a level-four block Hankel matrix. Appendix B gives a detailed introduction
on how to derive a damped TSVD in order to reduce the residual noise existing in
the rank-reduced matrix M̃(4) . Here, we just conclude the approximation of S as
follows:

S = UM(4)

1 ΣM(4)

1 T(VM(4)

1 )H , (12)

T = I− (ΣM(4)

1 )−N δ̂N , (13)
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where δ̂ denotes the maximum element of ΣM(4)

2 and N denotes the damping factor. It
is worth mentioning that the greater the N , the weaker the damping is, and equation
12 degrades to equation 8 when N → +∞.

The damped TSVD of rank-reduction algorithm for 5D seismic data interpolation
can be represented in operator notation as follows:

S = RdM
(4). (14)

where we use Rd as the rank-reduction operator using the damped TSVD (equations
12 and 13) while R is used for conventional TSVD. According to our experience, the
damped TSVD is powerful for attenuating random noise while interpolating miss-
ing data. However, it is still SVD-based algorithm that takes the largest portion of
computational time. The randomized singular value decomposition (RSVD) strategy
(Rokhlin et al., 2009; Halko et al., 2011; Oropeza and Sacchi, 2011) can be used to
accelerate the proposed method for better efficiency. Specifically according to our
numerical tests, RSVD can save at least 45% computational cost compared with the
classic TSVD, and cost saving is different with data dimensions, the bigger the dimen-
sion is, the faster the RSVD is. Thus RSVD can increase the efficiency significantly.

The filtered data is recovered with random noise attenuated and missing traces
reconstructed by properly averaging along the anti-diagonals of the low-rank matrix
S obtained via the damped TSVD:

D̂ = AS = ARdM
(4) = ARdHD = FdD. (15)

A denotes the averaging operator. The operator Fd represents improved rank-reduction
filter. If Rd is substituted by the traditional TSVD operator R, F can represent con-
ventional rank-reduction filter similarly.

In this paper, we pay our attention to the reconstruction of noisy data. Our
final goal is to recover the useful signal from the observed noisy and incomplete
data. It is worth mentioning that this type of problem often arises in the field of
collaborative filtering (CF). Similarly to those arising in the field of CF, seismic
data reconstruction can be interpreted as a matrix completion problem. Missing
traces in seismic data will introduce missing value in the observed data Dk1,k2,k3,k4.
The corresponding level-four block Hankel matrix M(4) is expected to have rank
K. Random noise and missing data will increase the rank of M(4). Consequently,
rank-reduction via the damped TSVD with the damping factor can be implemented
to recover the useful signal and to reconstruct the missing records for 5D seismic
volumes.

The modified weighted POCS-like algorithm based on conventional rank-reduction
method for 5D seismic data interpolation can be shown as Dn = anDobs + (1 −
anS) ◦FDn−1, n = 1, 2, 3, · · · , nmax. Revised by the improved rank-reduction filter
Fd, therefore our proposed improved rank-reduction algorithm for simultaneous 5D
seismic data reconstruction and denoising can be formulated as follows:

Dn = anDobs + (1− anS) ◦ FdDn−1, n = 1, 2, 3, · · · , nmax (16)
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where D0 = Dobs. an is an iteration-dependent scalar that linearly decreases from
a1 = 1 to anmax = 0. S denotes the sampling factor. S equals 1 at the observation
point while 0 at the missing traces. Symbol ◦ denotes the Hadamard product (entry-
wise product) of two matrices with the same size.

A complete and detailed algorithm workflow of the proposed damped rank-reduction
algorithm for 5D seismic data reconstruction and denoising is provided as follows:
Improved 5D seismic data rank-reduction algorithm(S,Fd,Dobs, an, ε, nmax, F )

1 Dobs(f, hx, hy, x, y)← Dobs(t, hx, hy, x, y) by 1D forward FFT
2 D0 ← Dobs

3 for f ← 1, 2, . . . , F
4 do
5 for n← 1, 2, . . . , nmax

6 do
7 Df

n ← anD
f
obs + (1− an)SFdD

f
n−1 + (1− S)FdD

f
n−1

8 if ‖Df
n −Df

n−1‖2F ≤ ε
9 then return Df

n

10 return Df
N

11 return Drecoverd

12 Drecoverd(t, hx, hy, x, y)← Drecoverd(f, hx, hy, x, y) by 1D inverse FFT

The iteration terminates after all F frequencies are finished. For each frequency
slice, the algorithm stops when either a maximum number of iterations nmax is reached
or ‖Dn−Dn−1‖2F ≤ ε, where ‖ · ‖F denotes the Frobenius norm and ε denotes a small
tolerance value.

EXAMPLES

We apply the proposed improved rank-reduction method on a 5D synthetic seismic
dataset, as shown in Figures 1 and 3. Figure 1 shows the performance in one common
offset gather (hx = 5, hy = 5) and Figure 3 shows the performance in one common
midpoint gather (x = 5, y = 5). Figures 1a and 3a show the true data. Figures 1b
and 3b show the noisy data by adding some bandlimited noise to the clean data. The
noise is so strong that the useful signals can be hardly detected. Figures 1c and 3c
show the observed incomplete and noisy data. 70% of total traces are missing in this
example. The signal-to-noise ratio (SNR) of the observed data is exetremely low and
we can hardly see any coherent useful events in the observed data. Figures 1d and
3d show the reconstructed data using traditional method, which is quite acceptable
since almost all useful signals are recovered and the noise has been greatly suppressed.
However, there is still some residual noise in the reconstructed data, which can be
explained by the non-optimal decomposition via traditional TSVD as analyzed in the
theoretic section. Figures 1e and 3e show the reconstructed data using the proposed
method. In this example, the rank K = 3 and the damping factor N = 3, and we use
10 weighted POCS-like iterations. It is obvious that the proposed method obtains a
much cleaner result, and to some extent, the recovery of the useful signals are nearly
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perfect. Figure 2 shows two reconstruction error cubes in common offset domain (the
difference between the true data and the recovered data) using the traditional and
the proposed approaches, respectively. Similarly, Figure 4 shows the reconstruction
error cubes in common midpoint domain. Both Figures 2 and 4 clearly show that
the proposed approach can obtain the least reconstruction error, while the error in
the traditional approach is mainly due to the residual noise. In order to compare the
amplitude between different datasets in detail, we conduct a single trace amplitude
comparison for each data cubes shown in Figure 3. The single trace is chosen as the
middle trace in each cubes of Figure 3. The comparison is presented in Figure 5. The
black line is from the clean data. The red line is from the noisy data. The observed
data in this case is zero and thus cannot be seen from the figure. The blue line
corresponds to the traditional rank-reduction method. The green line corresponds to
the proposed method. It is apparent that the green line is very close to the black line
while the blue line deviates from the black line too much in most areas. This trace
amplitude comparison further confirms the superior performance of the proposed
algorithm.

In order to show how the rank-reduced block Hankel matrix looks like and to
more intuitively demonstrate the influence of the introduced damping operator to the
target level-four block Hankel matrix in the first 5D seismic data example, we plot
the 26 Hz block Hankel matrix for different cases in Figures 6, 7, and 8. Figure 6a
shows the 26 Hz block Hankel matrix for the clean data. Figure 6b shows the 26 Hz
block Hankel matrix for the observed data, which is very different from that of the
true data due to the 70% missing traces. Figure 6c shows rank-reduced block Hankel
matrix via the traditional TSVD after 10 iterations. The rank-reduced block Hankel
matrix via the damped TSVD is shown in Figure 6d. Figures 6c and 6d are both
close to the true block Hankel matrix and are very similar to each other. If we look
carefully or zoom in the figure a bit, we can see that the block Hankel matrix via the
traditional TSVD is much rougher than the Hankel matrix via the damped TSVD.
Considering that each subfigure in Figure 6 is a 1296×625 matrix, which contains
a lot of information, we zoom one block Hankel matrix, as highlighted by the black
frame boxes in Figure 6 and make a more detailed comparison in Figure 7. Figure 7
clearly shows that the rank-reduced block Hankel matrix via traditional TSVD still
contains some artifacts, especially on the right bottom side, when compared with
the true block Hankel matrix. The block Hankel matrix from the proposed approach
is, however, much smoother, and closer to the true block Hankel matrix. We also
show the comparison of two block Hankel matrices using rank-reduction methods
after the first iteration and their zoomed matrices in Figure 8. It can be observed
that even after 1 iteration, the rank-reduced block Hankel matrix via the damped
TSVD is much smoother, which indicates that more noise in each frequency slice is
suppressed. Please note that all figures in Figures 6, 7, and 8 use the same plotting
scale. It can also be seen that the block Hankel matrix after 1 iteration is far from
the true block Hankel matrix, however, during the weighted POCS-like iterations, the
block Hankel matrix is gradually converging to the true block Hankel matrix.

In order to numerically compare the denoising performance, we use the commonly
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used SNR defined as follows to quantitatively measure the performance (Chen and
Fomel, 2015; Yang et al., 2015; Gan et al., 2015a):

SNR = 10 log10

‖s‖22
‖s− ŝ‖22

. (17)

where s denotes the vectorized clean data and ŝ denotes the vectorized reconstructed
data. In this example, the SNRs of the observed data, the reconstructed result via
the traditional rank-reduction method, and the reconstructed result via the damped
rank-reduction method are -4.59 dB, 8.22 dB, and 11.62dB, respectively. The SNR
comparison shows that the damped rank-reduction can result in a huge reconstruction
improvement. In addition to SNR comparison, we also use the local similarity to mea-
sure the reconstruction performance. As claimed in Chen and Fomel (2015), recon-
struction performance via local similarity has several advantages than the commonly
used SNR measure, such as the local measurement of the reconstruction performance.
Since the local similarity is seldom used in evaluating seismic data reconstruction, we
provide a brief review of the theory of local similarity in Appendix C. The range of
local similarity is between 0 and 1. The higher local similarity corresponds to the
better reconstruction performance. Figure 9 shows the local similarity comparison in
common offset domain and Figure 10 shows the local similarity comparison in com-
mon midpoint domain. Figures 9a, 9b, 9c, and 9d show the local similarity between
the true data and the noisy data, observed data, result from the traditional method,
and result from the proposed method, respectively, in common offset domain. Fig-
ures 10a, 10b, 10c, and 10d show the counterpart comparisons in common midpoint
domain. Because of the strong random noise in the noisy data, the local similarity
between noisy data and the true data is relatively low. It is surprising that the local
similarity successfully captures the position of the useful signals, which is however not
possible from the original amplitude cubes. A potential application of such byproduct
in future research may be utilizing the detected useful signals from the noisy data as
a prior information that can be put into the inversion framework to improve the final
inversion performance. The local similarity between the observed data and the true
data correlates well with the position of the available traces, since all missing traces
have a zero local similarity with the true data. The local similarity between the result
from traditional rank-reduction method is much higher than that of the noisy data
and the similarity value is approaching 1, which is the highest possible value of local
similarity. The proposed approach can make the local similarity between the result
and true data even higher, as can be seen from Figures 9 and 10 that the similarity
color that corresponds to the proposed method is redder than that of the traditional
approach.

In order to demonstrate the reconstruction performance of the two rank-reduction
methods with respect to noise level. We conduct 6 experiments of the 5D data
reconstruction based on the first synthetic example, in which we use different noise
level in different experiments. We plot the final SNRs using two different approaches
after 10 iterations with respect to the noise variances in Figure 11. The red line
shows the SNR diagram of the proposed approach and green line shows the SNR
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diagram of the traditional approach. The noise variance of 6 experiments are 0.05,
0,1, 0.25, 0.5, 0.75, and 1. Please note that all presented examples above are based
on the noise variance 0.25. It can be intuitively inferred that noise variance above
0.25 can make the data even noisier. From Figure 11, it is clear that the proposed
approach is always superior than the traditional approach in terms of SNR. It is
more important to observe that as the noise level increases, the difference in terms of
SNR of the two approaches also increases. It offers us a practical guideline that the
proposed approach can be best utilized in the condition of strong noise corruption
(or in other words on observed data with low SNR), which is usually the feature of
most land seismic data. In order to demonstrate the reconstruction performance with
respect to sampling ratio of the observed data, we did 8 experiments with different
sampling ratios. The SNRs using two approaches after 10 iterations with respect to
the sampling ratios are shown in Figure 12. Red line denotes the proposed approach
and green line denotes the traditional approach. The proposed approach is always
better than the traditional approach and as the sampling ratio increases (in other
words we get more and more available traces), the difference between the proposed
and traditional approaches increases too.

In order to test the effectiveness of the rank-reduction method on data containing
curved events and to compare the performances of different methods in this case,
we then use the second example to show the performance. In Figure 13, we show
a common midpoint gather comparison of the second synthetic example. Here we
reshape the 3D data cube into a 2D matrix and compare the performance based on
the 2D matrix. Figure 13a shows the clean data. Figure 13b shows the observed data
with 70% missing traces and strong random noise. The useful signals are hardly seen
from the observed data. After reconstruction using the traditional rank-reduction
method with 10 POCS-like iterations, we obtain the reconstructed result as shown
in Figure 13c. The result using the proposed approach is shown in Figure 13d. The
reconstruction result using the traditional method seems to have significant residual
noise and even causes artifacts in some parts of the data. The data highlighted by the
green frame boxes are zoomed and shown in Figure 14, where we can have a better
view to compare the performance in detail and to see how the proposed method
helps recover almost the true model. The data highlighted by the black frame boxes
are zoomed and shown in Figure 15, where we can see the artifacts caused by the
traditional approach clearly and see the almost perfect performance from the proposed
approach. We apply the proposed approach with K = 12 and N = 3 for this example.
In this dataset, the original SNR of the observed is 0.34 dB. The SNR of the result from
traditional rank-reduction approach is 13.56 dB while the SNR of the reconstruction
result from the proposed damped rank-reduction method approach is 17.23 dB. In
this example, we also calculate the local similarity between different datasets and
the clean dataset and show them in Figure 16. Figure 16a shows the local similarity
between the observed data and the clean data. Figure 16b shows the local similarity
between the result from traditional method and the clean data and Figure 16c shows
the local similarity between the result from the proposed method and the clean data.
The local similarity vividly demonstrates that the proposed approach can obtain the
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most similar result to the true model.

The next example is a field data example. The data has been binned onto a
regular grid and a common offset gather of the field data is shown in Figure 17a.
Although we are only allowed to show a small portion of the field data and to give
a limited discussion based on the performance, the comparison between traditional
and proposed rank-reduction methods is adequate to show the superior performance
of our proposed method. In the example, about 80% traces are missing from the
regular grids. It is obvious that the traditional rank-reduction method obtains a very
successful recovery of the missing data, as shown in Figure 17b. However, there are
still some residual noise in the reconstructed data, since we use a relatively large
K = 15 to account for the curved events. We apply the proposed approach with
K = 15 and N = 3 and obtain an almost perfect reconstruction performance, as
shown in Figure 17c. The events become more coherent and the data becomes much
cleaner. We zoom a part from each subfigure in Figure 17 and show the comparison in
Figure 18. The zoomed data are highlighted by the red frame boxes shown in Figure
17. The zoomed sections shown in Figure 18 show a clearer comparison between the
traditional and the proposed methods, and confirm that the proposed method can
obtain a very clean and spatially coherent reconstruction result.

The selection of rank affects the performance of the traditional rank-reduction
based approaches greatly in that smaller value of rank will cause significant damages
to the useful signals while larger value of rank will cause serious residual noise left in
the reconstructed data. However, it is even impossible to choose an optimal value of
rank to stand for the exact signals in practice. In order to preserve as many useful
signals as possible, we tend to set a relatively higher value of rank. The proposed
approach relieves the dependence of the rank-reduction method on the rank selection
since we can use a safe value of rank without compromising the SNR of the final
reconstructed data by damping the residual noise that is caused from the increase of
rank. In a nutshell, the proposed approach is less sensitive to the value of rank.

CONCLUSION

Traditional rank-reduction method cannot obtain acceptable result for 5D seismic
data denoising and reconstruction when the signal-to-noise ratio (SNR) is extremely
low. The traditional truncated singular value decomposition (TSVD) formula will
cause residual noise in the seismic data after iterative reconstruction since the de-
noised data space is a mixture of the signal subspace and noise subspace. In order
to better decompose the noisy data into signal and noise components, we introduce
a damping operator into the traditional TSVD formula to dampen the singular val-
ues that contain significant information of residual noise. The improvement via the
damped rank-reduction method is shown to be very appealing from both 5D synthetic
and field data examples and can be achieved conveniently following the introduced
damped TSVD formula. As shown from the comprehensive analysis of different 5D
seismic data examples, we get some extra insightful conclusions in addition to the re-
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(a) (b) (c)

(d) (e)

Figure 1: Common offset 3D cubes comparison (hx = 5, hy = 5). (a) Clean synthetic
data. (b) Noisy synthetic data. (c) Observed synthetic data (with 70% missing
traces). (d) Reconstructed data using the traditional approach. (e) Reconstructed
data using the proposed approach.
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(a) (b)

Figure 2: Reconstruction error comparison of common offset 3D cubes (hx = 5, hy =
5). (a) Reconstruction error using the traditional approach. (b) Reconstruction error
using the proposed approach.

construction result itself. First, the block Hankel matrix after damped rank-reduction
is smoother than that of traditional rank-reduction, which is caused by damping the
singular values and matches with the overall superior performance of the proposed ap-
proach well when the block Hankel matrix is transformed back to time-space domain.
Second, the advantage of the proposed rank-reduction method over the traditional
method becomes more dominant as the noise level in the observed data increases,
which makes the proposed approach very attractive in processing 5D land seismic
data. We suggest to replace the current 5D seismic data interpolation framework
with our proposed framework for better dealing with the highly noisy incomplete
dataset.
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(a) (b) (c)

(d) (e)

Figure 3: Common midpoint 3D cubes comparison (x = 5, y = 5). (a) Clean synthetic
data. (b) Noisy synthetic data. (c) Observed synthetic data (with 70% missing
traces). (d) Reconstructed data using the traditional approach. (e) Reconstructed
data using the proposed approach.
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(a) (b)

Figure 4: Reconstruction error comparison of common midpoint 3D cubes (x = 5, y =
5). (a) Reconstruction error using the traditional approach. (b) Reconstruction error
using the proposed approach.

Figure 5: Comparison of the middle trace amplitude of each cubes in Figure 3. The
black line is from the clean data. The red line is from the noisy data. The observed
data in this case is zero and thus cannot be seen from the figure.The blue line cor-
responds to the traditional rank-reduction method. The green line corresponds to
the proposed method. Note that the black and green lines are very close to each
other, thus the reconstruction error using the proposed approach is much less than
the traditional method for most parts.
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(a) (b)

(c) (d)

Figure 6: 26 Hz block Hankel matrix comparison. (a) Hankel matrix of the clean
data. (b) Hankel matrix of the noisy data. (c) Hankel matrix of traditional method
after 10 iterations. (d) Hankel matrix of the proposed method after 10 iterations.
Please note the erratic artifacts shown in (c), which cannot be handled using the
traditional rank-reduction method. The Hankel matrix of the proposed approach is,
however, much closer to the true Hankel matrix.
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(a) (b)

(c) (d)

Figure 7: A close up look of the Hankel matrix (corresponding to the block Hankel
matrix highlighted by the green frame box in Figure 6. (a) Hankel matrix of the clean
data. (b) Hankel matrix of the noisy data. (c) Hankel matrix of traditional method
after 10 iterations. (d) Hankel matrix of the proposed method after 10 iterations.
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(a) (b)

(c) (d)

Figure 8: 26 Hz block Hankel matrix comparison after 1 iteration between two ap-
proaches. (a) Hankel matrix of traditional method after 1 iteration. (b) Hankel
matrix of the proposed method after 1 iteration. (c)&(d) A close up look of the two
frame boxes in (a) and (b).
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(a) (b)

(c) (d)

Figure 9: Local similarity comparison of common offset 3D cubes comparison (hx =
5, hy = 5). (a) Noisy synthetic data. (b) Observed synthetic data (with 70% missing
traces). (c) Reconstructed data using the traditional approach. (d) Reconstructed
data using the proposed approach.
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(a) (b)

(c) (d)

Figure 10: Local similarity comparison of common midpoint 3D cubes (x = 5, y = 5).
(a) Noisy synthetic data. (b) Observed synthetic data (with 70% missing traces). (c)
Reconstructed data using the traditional approach. (d) Reconstructed data using the
proposed approach.
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Figure 11: SNR diagrams of the different approaches with respect to the noise level
(variance value). Note that the proposed approach outperforms the traditional meth-
ods more and more as the noise level increases.
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Figure 12: SNR diagrams of the different approaches with respect to the sampling
ratio (in percent).
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(a)

(b)

(c)

(d)

Figure 13: Common midpoint gather comparison (reshaped into a 2D matrix). (a)
Clean synthetic data with curved events. (b) Observed synthetic data (with 70% miss-
ing traces and strong noise). (c) Reconstructed data using the traditional approach.
(d) Reconstructed data using the proposed approach.
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(a) (b)

(c) (d)

Figure 14: Zoomed sections from Figure 13 (the green frame box). (a) Clean data.
(b) Observed data. (b) Reconstructed data using the traditional approach. (c) Re-
constructed data using the proposed approach.
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(a) (b)

(c) (d)

Figure 15: Zoomed sections from Figure 13 (the black frame box). (a) Clean data.
(b) Observed data. (b) Reconstructed data using the traditional approach. (c) Re-
constructed data using the proposed approach. Note the strong artifacts caused from
the traditional approach.
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(a)

(b)

(c)

Figure 16: Local similarity comparison with respect to the clean data. (a) Similarity
of the Observed synthetic data. (b) Similarity of the reconstructed data using the
traditional approach. (c) Similarity of the reconstructed data using the proposed
approach.
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(a)

(b)

(c)

Figure 17: Common offset gather comparison (reshaped into a 2D matrix). (a) Ob-
served field data (with 80% missing traces). (b) Reconstructed data using the tradi-
tional approach. (c) Reconstructed data using the proposed approach.
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(a) (b)

(c)

Figure 18: Zoomed sections from Fig 17. (a) Observed field data. (b) Reconstructed
data using the traditional approach. (c) Reconstructed data using the proposed
approach.
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APPENDIX A: EXACT FORMULATION OF THE BLOCK
HANKEL MATRIX

The block Hankel matrix M(4) can be expressed as

M(4) = S + N, (A-1)

where S and N denote signal component and the random noise component that are
both in M(4), respectively. The singular value decomposition (SVD) of S can be
represented as:

S = [US
1 US

2 ]

[
ΣS

1 0
0 ΣS

2

] [
(VS

1 )H

(VS
2 )H

]
. (A-2)

Because of the deficient rank, the matrix S can be written as

S = US
1 ΣS

1 (VS
1 )H . (A-3)

Because equation A-2 is a SVD of the signal matrix S, the left matrix in equation
A-2 is a unitary matrix:
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]
. (A-4)

Combining equations A-1, A-3, and A-4, we can derive:
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(A-5)

we can further derive equation A-5 and factorize M(4) as follows:

M(4) = [US
1 US

2 ]

[
Σ1 0
0 Σ2

] [
(Σ1)

−1(NHUS
1 + VS

1 ΣS
1 )H

(Σ2)
−1(NHUS

2 )H

]
, (A-6)

where Σ1 and Σ2 denote diagonal and positive definite matrices. Please note that M(4)

is constructed such that it is close to a square matrix (Oropeza and Sacchi, 2011),
and thus the Σ1 and Σ2 are assumed to be square matrices for derivation convenience.
We observe that the left matrix has orthonormal columns and the middle matrix is
diagonal. It can be shown that the right matrix also has orthonormal columns. Thus,
equation A-6 is an SVD of M(4). According to the TSVD method, we let Σ2 be 0
and then the following equation holds:

M̃(4) = US
1 (US

1 )HN + US
1 ΣS

1 (VS
1 )H

= S + US
1 (US

1 )HN.
(A-7)
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APPENDIX B: DAMPED TSVD FORMULA

We first reformulate equation A-7 as

S = M(4) −US
1 (US

1 )HN. (B-1)

Inserting equation 8 into equation B-1, we can further derive

S = UM(4)

1 ΣM(4)

1 (VM(4)

1 )H −US
1 (US

1 )HN. (B-2)

The SVD of M(4) can be expressed as

M(4) = [UM(4)

1 UM(4)

2 ]

[
ΣM(4)

1 0

0 ΣM(4)

2

][
(VM(4)

1 )H

(VM(4)

2 )H

]
. (B-3)

Because equations B-3 and A-6 are both SVDs of M(4), we let

US
1 = UM(4)

1 , (B-4)

Σ1 = ΣM(4)

1 , (B-5)

(NHUS
1 + VS

1 ΣS
1 )(Σ1)

−1 = VM(4)

1 . (B-6)

Inserting equations B-4 and B-6 into equation B-2, we can derive:

S = UM(4)

1

{
ΣM(4)

1 (VM(4)

1 )H −
[
Σ1(V

M(4)

1 )H − ΣS
1 (VS

1 )H
]}

. (B-7)

For simplification, we assume that there exist such A and B that VS
1 = VM(4)

1 A and

Σ1 = ΣM(4)

1 B. A is a square matrix and B is a diagonal matrix. Then we can simplify
S as:

S = UM(4)

1 ΣM(4)

1 T
(
VM(4)

1

)H
. (B-8)

T = I−B
(
I− (Σ1)

−1ΣS
1A

H
)
, (B-9)

where I is a unit matrix and here we name T the damping operator.

From equation B-5, B = I. From equation B-6, it is straightforward to derive

VS
1 = (VM(4)

1 −NHUS
1 (Σ1)

−1)Σ1(Σ
S
1 )−1

≈ VM(4)

1 (I− (VM(4)
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−1)Σ1(Σ
S
1 )−1

(B-10)

where (VM(4)

1 )o satisfies that ‖ I−VM(4)

1 (VM(4)

1 )o ‖→ 0. Considering VS
1 = VM(4)

1 A,
then the following relation holds

A ≈ (I− (VM(4)

1 )oNHUS
1 (Σ1)

−1)Σ1(Σ
S
1 )−1

= (I− Γ)Σ1(Σ
S
1 )−1,

(B-11)
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where Γ = (VM(4)

1 )oNHUS
1 (Σ1)

−1.

Inserting equation B-11 and B = I into equation B-9, we can obtain a simplified
formula:

T = I− Γ. (B-12)

Combing equations B-8 and B-12, we can conclude that the true signal is a damped
version of the previous TSVD method (equation 8), with the damping operator de-
fined by equation B-12. Right now, there is still one unknown parameter needed to
be defined: Γ. Although we have a potential selection Γ = (VM(4)

1 )oNHUS
1 (Σ1)

−1, as
defined during the derivation of A, we cannot calculate it because we do not know N
and US

1 . A very pleasant denoising performance can be obtained when Γ is chosen as

Γ ≈ δ̂N
(

ΣM(4)

1

)−N
, (B-13)

where δ̂ denotes the maximum element of ΣM(4)

2 and N denotes the damping factor.
We use such approximation because of three reasons. (1) δ̂ reflects the energy of

random noise and ΣM(4)

1 contains the information of signal. (2) Because the diagonal

elements of ΣM(4)
are in a descending order, δ̂ is certainly smaller than every diagonal

element of ΣM(4)

1 , and δ̂/δ1 < δ̂/δ2 < · · · < δ̂/δK , where δi denotes ith diagonal entry

in ΣM(4)

1 . (3) δ̂ is zero in the zero random noise situation. Besides, we introduce
the parameter N to control the strength of damping operator, the greater the N ,
the weaker the damping, and the damped MSSA reverts to the basic MSSA when
N →∞.

Combining equations B-8, B-12, and B-13, we conclude the approximation of S
as:

S = UM(4)

1 ΣM(4)

1 T(VM(4)

1 )H , (B-14)

T = I− (ΣM(4)

1 )−N δ̂N . (B-15)
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APPENDIX C: REVIEW OF LOCAL SIMILARITY

We begin our review based on 1D vectors a and b. A common way to measure the
similarity between two signals is to calculate the correlation coefficient,

c =
aTb

‖ a ‖2‖ b ‖2
, (C-1)

where c is the correlation coefficient, aTb denotes the dot product of a and b. ‖ · ‖2
denotes the L2 norm of the input vector. The correlation coefficient c can measure
the correlation, or in other words similarity, between two vectors within the selected
window in a global manner. However, in some specific applications, a local measure-
ment for the similarity is more demanded. In order to measure the local similarity of
two vectors, it is straightforwardly to apply local windows to the target vectors:

c(i) =
aT
i bi

‖ ai ‖2‖ bi ‖2
, (C-2)

where ai and bi denote the localized vectors centered on the ith entry of input long
vectors a and b, respectively. The windowing is sometime troublesome, since the
measured similarity is largely dependent on the windowing length and the measured
local similarity might be discontinuous because of the separate calculations in win-
dows. To avoid the negative performance caused by local windowing calculations,
Fomel (2007) proposed an elegant way for calculating smooth local similarity via
solving two inverse problems.

Let us first rewrite equation C-1 in a different form. Getting the absolute value
of both sides of equation C-1, considering aTb = bTa, we have

|c| =

√
(aTb)(bTa)

‖ a ‖22‖ b ‖22
=

√
aTb

aTa

bTa

bTb
(C-3)

We let c1 = aTb
aT a

and c2 = bT a
bTb

, equation C-3 turns to

|c| =
√
c1c2. (C-4)

It is obvious that scalars c1 and c2 come from two least-squares inverse problem:

c1 = arg min
c̃
‖ a− bc̃ ‖22 (C-5)

c2 = arg min
c̃
‖ b− ac̃ ‖22 (C-6)

The local similarity attribute is based on equations C-5 and C-6, but is in a localized
version:

c1 = arg min
c̃1
‖a−Bc̃1‖22, (C-7)

c2 = arg min
c̃2
‖b−Ac̃2‖22, (C-8)
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where A is a diagonal operator composed from the elements of a: A = diag(a) and
B is a diagonal operator composed from the elements of b: B = diag(b). Equations
C-7 and C-8 are solved via shaping regularization

c1 = [λ21I + T (BTB− λ21I)]−1T BTa, (C-9)

c2 = [λ22I + T (ATA− λ22I)]−1TATb, (C-10)

where T is a smoothing operator, and λ1 and λ2 are two parameters controlling the
physical dimensionality and enabling fast convergence when inversion is implemented
iteratively. These two parameters can be chosen as λ1 = ‖BTB‖2 and λ2 = ‖ATA‖2
(Fomel, 2007).

After the c1 and c2 are solved, the localized version of |c| is

c =
√
c1 ◦ c2, (C-11)

where c is the output local similarity and ◦ denotes element-wise product.

To calculate the 2D and 3D versions of local similarity, as used in demonstrating
the reconstruction performance in the main contents of the paper, one needs to first
reshape a 2D matrix or a 3D tensor into a 1D vector and then to use the formula
shown above to calculate the local similarity vector. Since the local similarity is of
the same size of the input two vectors, it can be easily reshaped into the 2D or 3D
form for display purposes.
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